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ON THE BUMPY METRICS THEOREM FOR MINIMAL 
SUBMANIFOLDS 

BRIAN WHITE 


Abstract. This paper proves several natural generalizations of the theorem 
that for a generic, C k Riemannian metric on a smooth manifold, there are no 
closed, embedded, minimal submanifolds with nontrivial jacobi fields. 


1. Introduction 

According to the bumpy metrics theorem of IWhi911 2.2], for a generic (in the 
sense of Baire Category) C k Riemannian metric on a manifold N , there are no 
closed, embedded, minimal submanifolds with nontrivial jacobi fields. (The case 
of geodesics, including immersed geodesics, was proved earlier in ]Abr70n . That 
theorem leaves open the following questions: 

(1) Is the theorem true with G°° in place of C k l 

(2) Is the theorem true for immersed submanifolds? 

(3) Suppose G is a finite group of diffeomorphisms of N. The proofs in |Whi91] 
work equally well in the G-invariant setting: for a generic, G-invariant, 
C k Riemannian metric on A, there are no closed, embedded G-invariant 
minimal surfaces with nontrivial G-invariant jacobi fields. But is it also true 
that for a generic G-invariant metric, there are no closed minimal surfaces 
with nontrivial jacobi fields? 

In this paper, we prove that the answer to each of the three questions is “yes”. 

The proofs in this paper, which show that these results follow from results 
in |Whi91j . are fairly simple. (The reader need not be familiar with that paper, 
provided he or she is willing to assume the results from that paper.) However, 
the issues involved are in some ways subtle. In particular, one can ask the same 
questions about minimal submanifolds with generic boundaries (the metric being 
fixed); in that setting, the analog of question (3) is open, even for two dimensional 
minimal surfaces in R 3 . See Section [3] 

The reader may wonder why the methods of proof in |Whi91] do not immediately 
give the answers to (1), (2), and (3). The bumpy metrics theorem there is proved 
as follows. The space of pairs ( 7 , M) where 7 is a C k Riemannian metric on the 
ambient manifold and where M is a 7 -minimal, embedded submanifold is proved to 
be a separable Banach manifold, and the “bad” metrics 7 are precisely the critical 
values of the map ( 7 , M) 7 , so the bumpy metrics theorem follows immediately 
from the Sard-Smale Theorem |Sma65| . To handle G°° metrics directly, one would 
have to use Frechet manifolds rather than Banach manifolds. Presumably that 


Date: March 5, 2015. 

2010 Mathematics Subject Classification. 53A10 (primary), and 49Q05 (secondary). 
The research was supported by NSF grants DMS-1105330 and DMS-1404282. 


1 















2 


BRIAN WHITE 


would work, but we have chosen instead to prove directly that the result for C k 
implies the result for G°°. See Theorem 12.101 

Concerning question (2), it would be natural to consider the space of pairs ( 7 , M) 
where 7 is a C k metric and M is an immersed , 7 -minimal manifold. However, that 
space is, in general, not a Banach manifold. (It fails to be a manifold at those points 
( 7 , M) where M is a multiple cover of another minimal surface £.) Presumably, 
one could show that the space is a nicely stratified Banach variety and use that to 
answer question ( 2 ), but I suspect that would be more complicated than the proof 
given here. 

The same difficulty arises in connection with question (3). One could consider 
the space of pairs ( 7 , M) where the metric 7 is invariant with respect to a specified 
finite group G and where M is a closed, 7 -minimal (but not necessarily G-invariant) 
submanifold. Again, in general that space will not be a Banach manifold. (The 
problematic points are the pairs ( 7 , M) where M is G-invariant but has a nontrivial 
jacobi field that is not G-invariant.) 

2. The main theorem 

The following is the main result in this paper (see section [3] for some generaliza¬ 
tions): 

2.1. Theorem. Let N be a smooth manifold. Let G be a finite group of diffeomor- 
phisms of N. Suppose that k is an integer >3 or that k = 00 . Then a generic, 
G-invariant, C k Riemannian metric on N is bumpy in the following sense: no 
closed, minimal immersed submanifold M of N has a nontrivial jacobi field. 

Note that the minimal submanifold M is not required to be G-invariant, and 
that even if it is G-invariant, the jacobi fields referred to need not be G-invariant. 

We will prove a series of results that together imply Theorem 12.11 

2.2. Definition. An “almost embedded” surface is an immersed surface that has 
multiplicity one on an open dense subset. 

2.3. Theorem (Structure Theorem). Let k be an integer > 3. Let T = T& be 
the space of G-invariant, C k Riemannian metrics on a smooth manifold N. Let 
.M = Mk be the space of pairs ( 7 , M) where 76 ^ and M is a closed, almost 
embedded, G-invariant, j-minimal surface in N. Then A i is a separable, C k ~ 2 
Banach manifold, and the map 

7r : M. —> T 

71 ( 7 , M) = 7 

is a C k ~ 2 Fredholm map of Fredholm index 0. Furthermore, ( 7 , M) is a critical 
point of n if and only if M has a nontrivial, G-equivariant jacobi field. 

Proof. If we fix the diffeomorphism type of M, if G is the trivial group, and if we 
replace “almost embedded” by “embedded”, this is Theorem 2.1 of jWhiOlj . See 
section 7 of that paper for the extension to almost embedded surfaces. (In that 
paper, “almost embedded surfaces” are called “simply immersed surfaces”.) For 
general groups G, exactly the same proofs work provided one replaces “metric”, 
“surface”, and “vectorfield” by “G-invariant metric”, “G-invariant surface”, and 
“G-equivariant vectorfield”. Finally, the result when we do not fix the diffeomor¬ 
phism type of M follows because there are only countably many closed manifolds 
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up to diffeomorphism. (Thus M will consist of countably many components corre¬ 
sponding to the countable number of diffeomorphism types for M.) □ 

If 7 r is a C k Fredholm map (with k > 1) of Fredholm index 0 between separable 
Banach spaces, then it follows from the Sard-Smale Theorem |Sma65| that the 
image under 7 r of a meager set is meager. The following theorem implies (by taking 
countable unions) a slightly stronger version of that result. 

2.4. Theorem. Suppose that k > 1, that M and F are separable C k Banach man¬ 
ifolds, and that tt : M —> T is a C 1 Fredholm map of Fredholm index 0. Suppose 
that S is a closed subset of M and that S \ Cm is nowhere dense in M, where 
Cm C M is the set of critical points of n. Then 7 r(<S) is a meager subset ofT. 

Proof. By separability and by definition of “regular point”, we can cover the set 
of regular points of 7 r by countably many open sets Ui (with C k boundaries) such 
that 7 r maps each Ui diffeomorphically onto its (closed) image. Now 

7t(<S) = 7r(<S \ Cm) U 7 r(S fl Cm) 

( 1 ) =Ui7r(SnTU)U7r(SnC M ) 

C Ui7r(S (~l Ui) U {critical values of 7 r}. 

Each S l~l Ui is closed and nowhere dense, so tt(S fl Ui) is closed and nowhere dense. 
Also, the set of critical values of 7 r is a meager subset of T by the Sard-Smale 
Theorem [Sma65j . Hence 7 r(5) is meager in T by (JT]). □ 

Fix an integer k > 3, and let Aik be as in the Structure Theorem l2.3l 

2.5. Definition. For positive integers p, let S p = be the set of (y,M) £ Mk 
for which the following holds: there is a p-sheeted covering M' of a connected 
component of M such that M' has a nontrivial jacobi field. 

The following lemma states that S p satisfies the hypotheses of theorem 12.41 

2.6. Lemma. The set S p = Sj) is a closed subset of M = Mk, and S p \ Cm is 
nowhere dense in M. 

Proof. Clearly S p is a closed subset of M. 

To show that S p \ Cm is nowhere dense, we show that the closure of M \ S p 
contains all of S p \ Cm ■ 

Step 1: The closure of M \ S p contains all ( 7 , M) £ M such that 7 is smooth 
(i.e, C°°). 

Proof of step 1: Let ( 7 , M) £ At be such that 7 is smooth, which implies that 
M is also smooth. 

Let X be the set of p-sheeted coverings of connected components of M. Note 
that A is a finite set: 

X = {M 1 ,M 2 ,...,M n }. 

(Finiteness of X follows from the fact |Hal501 §2.4] that a finitely generated group 
has at most finitely many subgroups of any given finite index.) 

Let U C N be a small open set such that M fl U is a nonempty, embedded 
submanifold of N fl U. Let / : U —> [0, 00 ) be a smooth function that is compactly 
supported in U such that 


f = 0 and Df = 0 on M fl U 
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and such that 

D 2 f(x)v > 0 

for some point x G M n U and some normal vector v at x. Extend / to all of N by 
letting / = 0 on N \ U. 

Now let F be obtained from / by summing over the group G: 

p {y ) = /(5(y))- 

g eG 

Finally, for t > 0, let 7 1 be the Riemannian metric 

7 t = (1 + tF) 7 . 

By choice of F, we see that F = 0 and DF = 0 on M. It follows that M is 
minimal with respect to the metric 7 t , and thus that 

( 7 t,M) G M k - 

Let A i(Mj,t) be the i th eigenvalue of the jacobi operator of Mj with respect 
to the metric 7 *. Note that A i(Mj,t) depends continuously on t, and in fact is 
a strictly increasing function of t. (This is because (1) an eigenfunction cannot 
vanish on any nonempty open set, and ( 2 ) if a function on Mj does not vanish on 
any nonempty open set, then its Rayleigh quotient strictly increases as t increases.) 

It follows that there is an e > 0 such that for t g (0, e), none of the A i(Mj,t) 
vanish. 

Hence (for such t) (yt, M) gM \ S p , so (7, M) S M \ S p . This completes the 
proof of step 1 . 

Step 2: M\S p contains all of M \ Cm- 

Proof: Let ( 7 , M) £ M\Cm- Let 7 * be a sequence of smooth (i.e., C°° ) metrics 
in F = Tfe such that 7 * —> 7 in C k . Since ( 7 , M) is a regular point of ir, it follows 
that there exist (for all sufficiently large i) surface^ Mi such that (7 i,Mi) G M 
and such that ( 7 i,Mi) —> ( 7 , M). 

By step 1, A i\S p contains each of the (7*, Mj), and thus it also contains 
their limit (7 ,M). This completes the proof of step 2 and therefore the proof 
of lemma 12.61 □ 

2.7. Remark. The reader may wonder why it was necessary to break the proof 
into two steps. The problem is that if M is a minimal with respect to a C k metric, 
then M need not be C k . (It is C k ~ 1,a for every a G (0,1).) If M is not C k , then 
there is no C k function / having the properties required in step 1. 

2.8. Corollary. The set tt(U p S p ) is a meager subset ofTk- 

Proof. By theorem 12.41 and lemma [?bl ir(S p ) is a meager subset of Tfc. Thus 
7 r(U p iS p ) = U p 7t(5 p ) is also a meager subset of Tfc. □ 

We can now prove the main theorem for 3 < k < 00 : 

2.9. Theorem. Let k be an integer such that k > 3. For a generic G-invariant met¬ 
ric 7 inTk the following holds: ifT, is a closed, immersed, 7- minimal submanifold 
of N, then E has no nontrivial jacobi fields. 


These surfaces are unrelated to the Mi in step 1. 
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Proof. It suffices to prove the theorem when E is connected. Suppose E is a closed, 
connected, immersed, 7 -minimal surface and that E does have a nontrivial jacobi 
field. Let M be the union (counting multiplicities) of the images of E under the 
elements of G. 

By connectivity of E and by unique continuation, the multiplicity of M is equal 
almost everywhere to some constant to. Let M be obtained from M by letting the 
multiplicity be 1 almost everywhere. Thus M is almost embedded and M may be 
regarded as an m-sheeted covering of M. 

Note that ( 7 , M) £ M and that E is a finite-sheeted covering of a connected 
component of M. Thus (in the notation of lemma . 

( 7 , M) e u p S p 


so 

7 S 7t(U p 5 p ). 

The result follows immediately from corollary 12.81 


□ 


The k = 00 case of theorem 12.11 follows from the k < 00 case (theorem 12.91) and 
the following general principle about C k and G°°: 

2.10. Theorem. Let k be a finite natural number. 

(1) If U is an open dense subset of Tk, then U D T^ is an open dense subset 

O/Too. 

(2) If U is the intersection of a countable collection of open dense subsets of 
Tfe, then U nToo is the intersection of a countable collection of open dense 
subsets of Too. 

(3) If W is a second-category subset ofTk (i.e., ifW contains the intersection 
of a countable collection of open dense subset ofTk), then W D T^ is a 
second-category subset of Too- 

Proof. The first assertion is trivially true, the second follows immediately from the 
first, and the third follows immediately from the second. □ 

Proof of theorem \2.1\ for k = 00 . Let Wk be the set of G-invariant, C k metrics on 
N for with the following property: if M is a closed, minimal immersed submanifold 
of N, then M has no nontrivial jacobi fields. 

By theorem 12.91 W 3 is a second-category subset of T 3 . Note that 

Woo = W 3 n Too- 

Thus by theorem 12.101 W 00 is a second-category subset of Too. □ 


3. Generalizations 

Conformal classes. The main theorem, Theorem 12. 11 remains true if we replace 
Tk by the set of G-invariant, C k metrics in the conformal class of some specified 
G-invariant metric. No changes are required in the proof. 

Partially fixed metrics. Let 70 be a G-invariant, C k metric on N. Let U be a 
G-invariant open subset of N. 
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3.1. Theorem. Suppose 3 < k < oo and j < k. Consider the class T* of G- 
invariant, C k metrics 7 on N such that 7 and 70 and their derivatives of order < j 
agree on N\U. Then a generic metric 7 in T* has the following property: if M is 
a closed, minimal immersed submanifold of N and if each connected component of 
M intersects U, then M has no nontrivial jacobi fields. 

The proof is almost exactly the same as the proof of Theorem 12.11 As with 
theorem 12.11 the theorem remains true (with the same proof) if we replace T* by 
the set of metrics in T* that are conformally equivalent to 70 . 

4. An open problem 

In general, properties of closed minimal surfaces that are generic with respect to 
varying metrics are also generic for minimal surfaces with boundary with respect 
to variations of the boundary, and vice versa. For example, for generic metrics, 
closed minimal surfaces have no nontrivial jacobi fields, and, likewise, for generic 
boundary curves (with a fixed ambient metric), the minimal surfaces they bound 
have no nontrivial jacobi fields that vanish at the boundary. 

Thus Theorem 12.II suggests the following conjecture: 

4.1. Conjecture. Let G be a finite set of isometries of R ra . For a generic smooth, 
closed, G- invariant, embedded submanifold of R”, none of the the smooth immersed 
minimal submanifolds it bounds have nontrivial jacobi fields that vanish at the 
boundary. 

If G is the trivial group, this is true |Whi871 3.3(5)]. More generally, the conjec¬ 
ture is true if we replace “minimal submanifold” by G-invariant minimal submani¬ 
fold” and “jacobi field” by “G-invariant jacobi field”. However, I do not know how 
to prove the conjecture as stated. Of course, the conjecture should remain true if 
R" is replaced by any smooth Riemannian n-manifold. 
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